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Abstract. Cases of equality in the classical 2-negative type inequalities for Hilbert spaces are characterized 
in terms of balanced signed (s + i)-simplices. It follows that a finite metric subspace {20, z\ , ■ ■ ■ z n } of a real 
or complex Hilbert space H has strict 2-negative type if and only if the set {zi — zo, Z2 — Zo, . . ■ , z n — zo} 
is linearly independent (when H is considered as a real vector space). By way of application, we deduce 
that no metric space of strict 2-negative type is isometric to any affinely dependent metric subspace of any 
Hilbert space H (when H is considered as a real vector space). This leads to a complete description of the 
class Ai introduced by Shkarin in [16]. 



1. Introduction 

This paper is written as a companion to Kelleher et al. [6]. For each p in the range (0,2), the main result 
in [6] characterizes the metric subspaces of L p (Q, /x) that have strict p-negative type. The case p = 2 is left 
open in [6]. In this paper we characterize the metric subspaces of £2(0, p) that have strict 2-negative type. 
The characterization for Hilbert spaces is substantially different to that of L^-spaccs for < p < 2 and follows 
from Theorem 3.2: Given points Xi, . . . , x Sl yi, ■ ■ ■ ,yt in ^2(^7 fJ-) and real numbers mi, . . . , m s , n\, . . . , n t 
such that mi + • • • + m s = n± + ■ • • + nt, the following conditions are equivalent: 

s,t 

(a) = mjUiWxj -yi\\l - ^ m h m h \\x h - x h \\% - ^ n tl n %2 \\y n - y i2 

j,i=l i<ji<ji<s l<?i<?: 2 <t 

(b) nijXjluj) = Tiiyi(uj) for almost all u) £ fi. 
3 i 

(c) ^ rrijXj ^^riiyi. 

3 i 

Throughout the paper we use N={l,2,3,...}to denote the set of all natural numbers. Whenever sums 
are indexed over the empty set they are defined to be 0. All measures are non-trivial and positive. 

2. Negative Type 

The notion of negative type was introduced and studied by Monger [10] and Schoenberg [13, 14, 15]. 
Menger and Schoenberg were interested in determining which metric spaces can be isometrically embedded 
into a Hilbert space. More recently, there has been interest in the notion of "strict" p-negative type, 
particularly as it pertains to the geometry of finite metric spaces. Papers that have been instrumental in 
developing properties of metrics of strict p-negative type include [4, 5, 2, 9, 17, 12, 6]. 

Definition 2.1. Let p > and let (X, d) be a metric space. 

(1) (X, d) has p-negative type if and only if for all finite subsets {zi,...,z n } C X (n > 2) and all 
choices of real numbers 771, . . . , rj n with rji + • ■ • + 7] n = 0, we have: 

n 

J2 d(zj,Zi) p T} S rH < 0. (2.1) 

(2) {X, d) has strict p-negative type if and only if it has p-negative type and the inequality (2.1) is 
strict whenever the scalar n-tuple (771, . . . , r/ n ) ^ (0, . . . , 0). 



The following fundamental fact is due to Schoenberg [15]. 

Theorem 2.2. Let < p < 2 and suppose that (f2, fi) is a measure space. Then L p (Cl, fj,) has p-negative 
type but it does not have q-negative type for any q > p. 

By way of comparison, if 2 < p < oo and L p (Q, fi) is of dimension at least 3, then L p (VL, /x) does not have 
(j- negative type for any q > 0. This follows from theorems of Dor [1], Misiewicz [11] and Koldobsky [7]. 

In order to address cases of equality in (2.1) it is helpful to reformulate Definition 2.1 in terms of signed 
(s + t)-simplices and the corresponding p-simplex "gaps" , the notions of which we now introduce. 

Definition 2.3. Let X be a set and suppose that s,t > are integers. A signed (s + t)-simplex in X 
is a collection of (not necessarily distinct) points x\, . . . , x s , yi, . . . , y± G X together with a corresponding 
collection of real numbers mi, . . . , m Sl m, . . . ,nt that satisfy m\ + - • -+rn s = ni+- • ■+n t . Such a configuration 
of points and real numbers will be denoted by D = [xj(mj); yi{ni)] s ^ and will simply be called a simplex 
when no confusion can arise. 

The following definition is motivated by the notion of generalized roundness that was introduced by 
Enflo [3] in order to study a problem of Smirnov. 

Definition 2.4. Let (X, d) be a metric space and suppose that p is a non-negative real number. For 
each signed (,s + t)-simplcx D = [Xj(n%j); yi{ni)] Stt in X we define 

IpiP) = 'Y^m j n i d{x j ,y i )' p - ^ m jl m h d(x jl ,x h ) p - ^ n n n t2 d(y tl ,y l2 ) p . 

l<jl<j2<s l<ii<l2<t 

We call "fp(D) the p- simplex gap of D in (X, d). 

In the formulation of Definition 2.3 the points x%, . . . , x s , yi, . . . ,yt G X are not required to be distinct. 
As we will see, this allows a high degree of flexibility but it also comes at some technical cost, the most 
important of which is the necessity of keeping track of repetitions using repeating numbers. 

Definition 2.5. Given a signed (s + i)-simplex D = [xj(mj);yi(ni)] s .t in a set X we denote by S(D) 
the set of distinct points in X that appear in D. In other words, 

S(D) = {z G X : z = Xj for some j or z = yi for some i}. 

For each z G S(D) we define the repeating numbers m(z) and n(z) as follows: 

m(z) = nij, and 

j:z=Xj 

n(z) = n i- 

i:z=yi 

We say that the simplex D is degenerate if m(z) — n(z) for all z G S(D). 

There are various ways that we may refine a signed (s + i)-simplcx D = [xj(rrij); yi{ni)] Stt in a metric 
space (X, d) without altering any of the values of the p-simplex gaps 7 P (-D), p > 0. The following lemmas 
describe three such scenarios. The first lemma is particularly simple and is stated without proof. 

Lemma 2.6 (Procedure 1). Suppose that D = [xj (rnj); yi(ni)] s ,t is a signed (s + t)-simplex in a metric 
space (X,d) with the property that x± = x-i- Let = [x^irni + m-z), £3(113), x s (m s ); yi{ni)] s -ij- Then 
7 P (D) = 7 P (D") for all p > 0. Moreover, S(D) = S(D^), and all repeating numbers are invariant under this 
refinement. 

Lemma 2.7 (Procedure 2). Suppose that D = [xj(n%j); yi(jii)] s .t is a signed (s + t)-simplex in a metric 
space (X,d) with the property thatxi = y\. Let D* = [a;i(0), x 2 (m 2 ), . . . , x s {m s ); yi{ni-mi),y 2 (n 2 ), . . . , J/t(n t )] s ,t- 
Then ~/ p (D) = 7 P (D*) for all p > 0. Moreover, as x\ = y\ = z for some z G S(D)(= S(D*)), it is also the 
case that m^* (z) = m£>(z) — mi and n£>* (z) = n£>(z) — mi . 

Proof. Let p > be given. The assumption is that xi = y\. Let r ) p (D){xi) denote the contribution of 
the xi-terms to the p-simplex gap j p (D). Similarly, let j p (D)(yi) and J P (D*)(yi) denote the contribution of 
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the 2/1-terms to 7 P (-D) and 7 P (£)*), respectively. It suffices to show that r ) p {D){x\)+'y p {D){y\) = r y p {D*){yi). 
(This just says that "a;i(mi)" cancels "yi(mi)" in 7 p (£>), leaving j p (D*).) First of all, note that 

j p (D)(x 1 ) = 7n 1 (^2n i d(x 1 ,y i ) p \-m 1 ('^2m j d(x 1 ,x : jY 

M=2 ' \j=2 



771i 



i—2 ' \?'=2 ' 



On the other hand, 



7 P (£>)(yi) = (m - mi + mi)^^77i i d(xj,yi) p J-(ni - mi + mi) f S ^n i d{y\,y^f 

j—2 i—2 



+mi ( m j d(x j ,y 1 ) p j -mi I ^ riid(yi,yi) p 

\7=2 ' M=2 

= 7p(^)(yi)"7 P P)(^i)- 
The second assertion of the lemma is true by construction. □ 

Notation. The refinement procedure used to form the simplex D* in the statement of Lemma 2.7 will 
be denoted: xi(mi) — > xi(0),yi(ni) — > yi(ni — mi). This notation will be used in the proof of Lemma 2.16. 
There is a useful variant of the second refinement procedure. 

Lemma 2.8 (Procedure 3). Suppose that D = [xj(m,j); yi{ni)] s ,t * s & signed (s + t)- simplex in a 
metric space (X,d). Let y t +i = x\, nt+i = -mi and D* = [xi (0), x 2 (m 2 ), . . . , x s (m s ); ^(n»)] a ,t+i . Then 
r y p (D) — 7 P (_D*) for all p > 0. Moreover, as x\ = yt+i = z for some z G S{D){= S(D*)), it is also the case 
that ni£>* (z) = m.£>{z) — mi and no* (z) = Hd(z) — m\. 

Proof. If we set yt+i = xi, then we may insert the pair y t +i(0) into the simplex D without altering 
any of the simplex gaps or repeating numbers. Now apply Lemma 2 to refine the simplex D in the following 
way: ii(mi) ^ si(0),y t+ i(0) j/t+i(-mi). □ 

Notation. The refinement procedure used to form the simplex D* in the statement of Lemma 2.8 will 
be denoted: 2:1 (mi) — > xi(0), yt+i(nt+i) — xi{— mi). This notation will be used in the proof of Lemma 2.16. 

We use the three refinement procedures described in Lemma 2.6 - 2.8 to formulate a notion of equivalent 
simplices. 

Definition 2.9. Two simplices Di and D 2 in a metric space (X, d) are said to be equivalent if D2 can 
be obtained from Di by finitely many applications of the refinement procedures. If simplices Di and D2 are 
equivalent we write Di ~ _D 2 . 

Remark 2.10. Notice that if D\ ~ £) 2 , then: 

(1) S(Di) = S(D 2 ), 

(2) for each z G S(Di) = S(D 2 ), mrj 1 (z) = n Dl (z) if and only if 111^(2) = n D2 (z), and 

(3) 7 P (£>i) = lp {D 2 ) for all p > 0. 

The notion of equivalent simplices affords an important characterization of degeneracy. 

Lemma 2.11. A signed (s + 1)- simplex D = [xj(rrij); yi(rii)] 3 t in a metric space (X,d) is degenerate if 
and only if it is equivalent to a signed simplex D that has no non-zero weights. 

Proof. (=>) Suppose that D = [xj(mj)\yi(nij\ s ,t is a given degenerate simplex. We may assume, by 
applying Lemma 2.6 finitely often if necessary, that the degenerate simplex D is full. (This forces s = t.) Let 
z G S(D) be given. By assumption, mi)(z) = nc(z). By relabeling the simplex, if necessary, we may assume 
that z = xi = yi. As D is full, mi = m£>(z) = xid{z) = ni. By Lemma 2.7, we see that D is equivalent 
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to the simplex D* = [xi(0), 2:2(7712), . ■ . , x s (m s ); 2/1 (0), 2/2(^2), ■ • ■ , yt(nt)]s,t- The forward implication of the 
lemma follows by applying this process a finite number of times. 

(<=) Immediate from Remark 2.10. □ 

As an immediate application of Lemma 2.11 we obtain the following corollary. 

Corollary 2.12. If D is a degenerate simplex in a metric space (X,d), then 7 P (-D) = for all p > 0. 
At this point it is helpful to introduce some additional descriptive terminology for simplices. 

Definition 2.13. Let D = [xj(mj);yi(rii)} s j be a signed (s + t)-simplex in a set X. 

(a) D is said to be pure if {xj : 1 < j < s} n {yi : 1 < i < t} = 0. 

(b) D is said to be full if the points xi, . . . , x s £ X are pairwise distinct and the points yi, . . . , yt £ X 
are pairwise distinct. 

(c) D is completely refined if it is full, pure and has no non-positive weights. 

In the case of vector spaces we will have reason to consider balanced simplices. 

Definition 2.14. Let D = [xj(mj);yi(ni)] Sl t be a signed (s + t)-simplex in a vector space X. We say 
that D is balanced if 

3 i 

Notice that if D = [xj(rrij); yi(ni)] St t is a degenerate simplex in a vector space X, then D is automatically 
balanced. 

Lemma 2.15. Let D\ and D2 be simplices in a vector space X. If D\ is balanced and if D\ ~ D2, then 
D2 is balanced. (Any refinement of a balanced simplex is balanced.) 

Proof. Immediate on the basis of the definitions. □ 

The following lemma presents a fundamental dichotomy for a simplex in a metric space. 

Lemma 2.16. If D = [xj (rrij); yi(ni)] s .t is a signed (s + t)-simplex in a metric space (X,d), then exactly 
one of the following two statements must hold: 

(a) D is degenerate. 

(b) D is equivalent to a completely refined simplex D*** . 

Proof. Let-D = [xj(rnj);yi(ni)] s ,t be a given signed (s+t)-simplex in (A",d). Finitely many applications 
of Lemma 2.6 will produce a full simplex that is equivalent to D, satisfies S(D) = S(D^) and has identical 
repeating numbers to D. So we may as well assume from the outset that the given simplex D is full. There 
are five ways that we may then choose to refine the full simplex D to produce an equivalent simplex D*: 

If Xj = yi for some j, i, then Lemma 2.7 allows us to form an equivalent simplex D* by implementing 
the appropriate refinement from the following list: 

(1) If rrij = nf. Xj(mj) -> Xj(0),yi(rii) — » yi(0). 

(2) If rrij < ni. Xjinij) -» Xj-(0), 2/i( n ^ Vi( n i ~™>j)- 

(3) If rrij > n t : Xj{rrij) ->■ Xj(rrij —ni),y%(ni) -)■ 2/i(0). 

If there is a j such that Xj 7^ yi for all i and mj < 0, then Lemma 2.8 allows us to form an equivalent 
simplex D* by implementing the following refinement: 

(4) Xj(mj) -> Xj(0),yt + i(nt+i) = Xj{-rrij). 

If there is a i such that yi ^ Xj for all j and rii < 0, then Lemma 2.8 allows us to form an equivalent 
simplex D* by implementing the following refinement: 

(5) x s+ i(m s+ i) =yi(-rii),yi(ni) -^t/i(0). 

Now implement the succession of all such possible refinements (1) - (3) (in any order) followed by the 
succession of all such possible refinements (4) - (5) (in any order) to produce a simplex D** that is equivalent 
to D. By construction, each vertex in the simplex D** has non-negative weight. Moreover, D is degenerate 
if all vertices in D** have weight 0. On the other hand, D is non-degenerate if at least one vertex in D** 
has positive weight. In the latter case, by deleting all vertices from D** that have weight 0, it follows that 
D is equivalent to a completely refined simplex £)***. □ 
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The following theorem is a variation on a well-known theme. The proof is included for completeness. 



Theorem 2.17. Letp > and let (X,d) be a metric space. Then the following conditions are equivalent: 

(a) (A, d) has p-negative type. 

(b) 7j>C^) — f or eac h signed simplex D in X . 

Moreover, (X,d) has strict p-negative type if and only if J P (D) > for each non-degenerate signed simplex 
D in (X,d). 

Proof, (a) (b). Suppose (a) holds. Let D = [xj(mj);yi(m)] a ,t be a given signed (s + t)-simplex in 
X. If D is degenerate, then 7 P (-D) = by Corollary 2.12. Assume D is non-degenerate. By Lemma 2.16, we 
may further assume that D is completely refined. Let n = s + t. For 1 < j < s, set Zj — Xj and rjj = rrij. For 
1 < i < t, set z s +i = yi and i] s +i = — Tij. Since mi + ■ • • + m s = ni + • — h rat, we see that 771 + • ■ • + 7] n = 0. 
Moreover, {zi, . . . , z„} is a subset of X (no repetitions) and each rjk 7^ because the simplex D is completely 
refined. It is then a relatively simple matter to check that 



Therefore 7 P (D) > 0. Moreover, j p {D) > if (X, d) has strict p-negative type. 

(b) =>■ (a). Suppose (b) holds. Let {z±, . . . , z n } be a given non-empty finite subset of X . Let 771, . . . , 7?„ 
be a given collection of real numbers that satisfy 771 + • • ■ + r/ rl =0. To avoid a triviality, we may assume 
that not all of the ry^'s are 0. (This forces n > 2.) By relabeling z±,. . . ,z n (if necessary) we may choose 
integers s, t > such that s + 1 = n, 771, r)2, . . . , f] s > and ?7 s +i , , • ■ • , ?7n < 0. Notice that 771 + • • • + n s = 
—(yis+i + • • • + t]n) > 0. Now set Xj = zj and mj = r)j for all j, 1 < j < s. Similarly, set yi = z s+ i 
and ni = —r] s +i for all i, 1 < i < t. By construction, Z? = [^-(mj); j/i(7ii)] Sj t is a non-degenerate signed 
(s + t)-simplcx in X. By assumption, 7 P (-D) > 0. However, the p-simplex gap of D also satisfies (2.2), thus: 



Moreover, if the inequality in (b) is strict for each non-degenerate signed simplex in X , then the inequality 



We are now in a position to rigorously formulate the notion of a non-trivial p-polygonal equality. 

Definition 2.18. Let p be a non-negative real number. A p-polygonal equality in a metric space (X,d) 
is an equality of the form 7 P (-D) = where D is a simplex in X . If, moreover, the underlying simplex D is 
non-degenerate, we will say that the p-polygonal equality is non-trivial. 

The motivation for making Definition 2.18 is patently clear from Theorem 2.17. In fact, Theorem 2.17 
automatically implies the following useful lemma. 

Lemma 2.19. Letp > and let (X,d) be a metric space that has p-negative type. Then (X,d) has strict 
p-negative type if and only if it admits no non-trivial p-polygonal equality. 

Lemma 2.19 is noted in [6]. The following two results also appear in [6]. The proofs are included here 
because they are instructive, short and relevant. 

Lemma 2.20. Letp > 0. If a metric space (X,d) admits a non-trivial p-polygonal equality, then: 

(1) (A, d) does not have q-negative type for any q > p, and 

(2) (A, d) does not have strict p-negative type. 

Proof. Suppose (A, d) admits a non-trivial p-polygonal equality for some p > 0. If we assume that 
(A, d) has g-negative type for some q > p, then it must have strict p-negative type by Theorem 5.4 in Li and 
Weston [9]. However, this would contradict Lemma 2.19. □ 

Lemma 2.20 implies the following natural isometric embedding principle. 

Theorem 2.21. Let (Y,p) be a metric space whose supremal p-negative type p is finite. Let (X,d) be a 
metric space that has q-negative type for some q > p. Then: (A, d) is not isometric to any metric subspace 
of (Y,p) that admits a non-trivial pi-polygonal equality for some p\ such that p < p\ < q. 




(2.2) 




(2.3) 



(2.3) will be strict. 



□ 
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Proof. Let Z C Y . Suppose that (Z, p) admits a non-trivial pi-polygonal equality for somepi 6 [p,q). 
By Lemma 2.20, the supremal p- negative type of {Z,p) cannot exceed p\. On the other hand, the supremal 
p- negative type of (X, d) is at least q. As q > p\, we conclude that (X, d) is not isometric to (Z, p). □ 



3. Polygonal equalities in Hilbert spaces 

The following lemma is of central importance to understanding 2-polygonal equalities in Hilbert spaces. 

Lemma 3.1. Let s,t > be integers. If D = [xj(mj);yi(rii)] s .t is a signed (s + t)- simplex in the real 
line or complex plane (endowed with the usual metric), then 



Y m i x i - Y n M 



^2mjni\xj - yi\ 2 
- Y m h m h\ x h ~ x h? - Y n^n^y^ -y i2 f 



12(D) 



U<»2 



Moreover, if D — [xj(rrij);yi(ni)] s j is a signed (s + t) -simplex in the real line or complex plane, then 

= Y m 3 n i\ x i -y*\ 2 - Y m h m h\ x h ~ x h? - Y n n n ^\yti ~yi 2 \ 2 



(3.1) 



(3.2) 



,/■' 



3l<32 



H<»2 



if and only if ^2 m j x j = ^2 n iV 



Proof. Let L and R denote the left and right sides of (5.1), respectively. We prove that L = R by 
reduction to an equality that involves only real quantities. The first thing to notice is that 



L 



\Y rrijXj - Y "■H^J \Y ~ Y Uiy ij 

(y j (y m 3 x ij - (y j (y "■~v^J 



n i y l 



L 



[Y j + (Y "<^<) (Y n iVij 

+ m 2 s \x s \ 2 + Y m ji m j2 x h x 32+ Y m Ji' 
ji <h ji <h 

- Y '".'""O//, - Y '" ■"^.illi 

+n 2 \yi\ 2 + — \-n 2 t \yt\ 2 + Y n ^ n ^iy l2 + Y n ^ n ^y^yv. 



m\\xi\ 2 



(3.3) 



Jl<J 2 



U<«2 



On the other hand, 

R = Ul ( X 3 ~ y* ) Y m J'i m n i X h- X J2 ) ( x h - x 3 

3,i h <32 

R = mjnj\xj\ 2 + m.jni\yi\ 2 — mjnjXj'y i — rrijniXjyi 

j,i 3,i 3,i j,i 

~ Y m h m h(\ X 3l\ 2 + \ X 32\ 2 )+ Y m h m h X h X h+ Y m h m 32 X 3l X 32 
3\<32 3\<32 3\<32 

- Y "ii^Oz/iil 2 + l^ 2 | 2 )+ Y n ii n i2yiiVi 2 + Y n ii n i2Vi i yi2- 



Y n^n^iyi, -s/i 2 )(y fl 



(3.4) 



»1<»2 



«1<»2 



By comparing the expressions (3.3) and (3.4) for L and R we see that the proof will be complete if we can 
establish the following equality: 

m 2 |xi| 2 H h m 2 s \x s \ 2 + nf\yi\ 2 -\ V n 2 t \y t ^ = )> " /»,//, .r, 2 + '^ j m j n i \y i \ 2 

- m h m n (\ x h I 2 + \ x h I 2 ) 

~ n ii n i2(\Vii\ 2 + \Vn\ 2 )- (3-5) 

»1<«2 

Now let L* and i?" denote the left and right sides of (3.5). Recalling that m\ + ■ ■ ■ + m s = n\ H h rit 

we are now in a position to complete the proof. In fact, 

R? = (m H h n t ) (mi|a;i| 2 H h ?n s |a; s | 2 ) + (mi H h m s ) (ni|yi| 2 H h ". f | 2 ) 

- m h m h(\ x h\ 2 + \ x h\ 2 )- Y "^"^(ly^il 2 + \vt2?) 

jl<32 il<«2 

= (mi H hm s )(mi|a;i| 2 H h m s |a; s | 2 ) + (ni H h r7, t ) (rii \y x | 2 H hn t |y t | 2 ) 

- Y m 3i m 32(\ x 3i\ 2 + I^j2 1 2 )- ^"^(ly^il 2 + l2/i 2 1 2 ) 

jl<j2 U<i2 

2 1 |2, , 2| |2, 2| |2, , 2| |2 

= m^xil H Vm s \x s \ + n'\y±\ H \-n t \y t \ 

= I}. 

□ 

Theorem 3.2. Let (O, /j) 6e a measure space. Let D = [xj(m,j)]yi(ni)] s j be a signed (s + t)-simplex in 
L2(£l,n). Then the following conditions are equivalent: 

(1) 72(f) = 0. 

(2) Yl m j x j{ U! ) ™ f or almost all u> € O. 
i « 

(3) I? is balanced. 

Proof. It suffices to assume that the scalar field of L 2 {Vt,pL) is the complex plane C. Suppose that 
D = [xj(mj);yi(ni)] St t is a given signed (s + t)-simplcx in £2^, m)- Then D(uj) = [xj(ui)(mj); yi(uj)(ni)] s j is 
a signed (s + i)-simplcx in the complex plane for each ugfi. By Lemma 3.1 (5.1), we see that 72(-D(w)) > 
for each uj € f2. Hence, 

72 (£>) = /" 72 (.D(w))dw 
n 

> 0. 

Moreover, 72(f) = if and only if 7 2 (-D(w)) = ^i-a.c. on VL. (Otherwise we would have 72(f) > 0.) 
However, given w G D, we have 72(1^(0;)) = if and only if J2 m j x j( UJ ) = S n j2/i( w )i D Y Lemma 3.1 (5.2). 

This proves the equivalence of (1) and (2). The equivalence of (2) and (3) is trivial. □ 

Corollary 3.3. Let H be Hilbert space. A metric subspace Z of H has strict 2-negative type if and 
only if it does not admit any non- degenerate balanced simplices. 

Proof. Immediate from Lemma 2.19 and Theorem 3.2. □ 

Corollary 3.4. Let H be a Hilbert space. Let n > 1 be an integer. Then: A metric subspace 
{zq, Zi, . . . z n } of H has strict 2-negative type if and only if the set {z\ — zq, z 2 — zq, ■ ■ ■ , z n — zq} is lin- 
early independent (when H is considered as a real vector space). 

Proof. We argue both implications contrapositively. 

Suppose that Z ~ {zq, z\, . . . z n } does not have strict 2-ncgative type. By Corollary 3.3, Z must admit a 
non-dcgcncratc balanced simplex D = [xj(mj);yi(ni)] s j. By Lemma 2.15 and Lemma 2.16, we may assume 
that the simplex D is completely refined. By definition, we have X mjXj — X n iVi an d X m j = X n % with 
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at least one (and, in fact, all) rrij ^ 0. By relabeling the elements of Z (if necessary) we may assume that 
x\ = zq. Since mi = {n\ + ■ ■ ■ + n t ) — {m?, + • • • + m s ), we see that 



((niH hn t )-(m 2 H \-m s ))z = ^myi -^rrijXj. 

i j>2 

In other words, 

= ^2 ni(yi - z ) - mj(a;j - z )- 

i j>2 

This shows that the set {z\ — zq, Z2 — zq, . . . , z n — zq} has a non-empty linearly dependent subset. Hence the 
set {zi — zq,Z2 — Zo, . . . , z n — zq} is linearly dependent. 

Now suppose that the set {z\ — zq, z% — zq, ■ ■ ■ , z n — zq} linearly dependent. Then there exist real numbers 
ai, . . . , a n , not all 0, such that a±(zi — zq) + 02(2:2 —Zq) + " • + oi n (z n — Zo) = 0. Setting ao = — (cti + ■ •• + «„), 
so that «o + cti + • • • + a n = 0, we see that a^zo + a.\Z\ + • • • + ot n z n = 0. As a result, 

j:otj>0 i:ai<0 



By construction, 



j:aj>0 i:ai<0 



and we have already stated that not all of the a's are 0. By discarding any a's that are equal to 0, we deduce 
from (3.6) and (3.7) that the set Z = {z , Z\, . . . , z n } admits a non-degenerate balanced simplex D. (One 
half of the simplex D is {zj(cij) : ctj > 0} and the other half is «i) : «i < 0}.) Voila, Z docs not have 

strict 2-ncgative type by Corollary 3.3. □ 



It is a fundamental result of Schocnbcrg [13] that every metric space of (strict) 2-negative type is 
isometric to a metric subspace of some real Hilbcrt space. Corollary 3.4 thus implies the following result. 

COROLLARY 3.5. A metric space has strict 2-negative type if and only if it is isometric to an affinely 
independent subset of some real Hilbert space. In particular, no metric space of strict 2-negative type is 
isometric to any affinely dependent metric subspace of any Hilbert space H ( when H is considered as a real 
vector space). 

Proof. If Z is an affinely dependent metric subspace of a Hilbert space H (when H is considered as a 
real vector space), then Z does not have strict 2-negative type by Corollary 3.4. □ 

It is worth noting that the following theorem can easily be inferred from the proof of Corollary 3.4. 

Theorem 3.6. Let X be a vector space. Let n > 1 be an integer. Then: A subset {zo, z±, . . . z n } of 
X admits a non- degenerate balanced simplex if and only if the set {zi — z ,z 2 — z , . . . , z n — z } linearly 
dependent (when X is considered as a real vector space). 



4. Shkarin's class M. 

In relation to a problem of Lcmin [8] concerning the isometric embedding of ultrametric spaces into 
Banach spaces, Shkarin [16] introduced the class M. of all finite metric spaces (Z, d), Z = {zq, Z\, . . . , z n }, 
which admit an isometric embedding 4> : Z — > (real) £2 such that the vectors {(j>(zk) — 4>(zo) : 1 < k < n} 
are linearly independent. As noted by Shkarin, it follows from the work of Lemin (as well as several other 
authors), that the class Ai contains all finite ultrametric spaces. However, every finite metric space of (strict) 
2-negative type admits an isometric embedding into real £2 by Schocnbcrg [13]. Combining this result with 
Corollary 3.4 we obtain a complete description of Shkarin's class Ai. 

Theorem 4.1. Shkarin's class Ai consists of all finite metric spaces of strict 2-negative type. 
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5. Inner product spaces 



The statement and proof of Lemma 3.1 may easily be adapted to inner product spaces. The outcome is 
the following generalization of Theorem 3.2. 

Theorem 5.1. Let (X,(- I •)) be a real or complex inner product space with induced norm || • |j. Let 
s,t > be integers. Lf D = [xj(mj);yi(ni)] s< t is a signed (s + 1) -simplex in X, then 

2 



n i y l 



- Y m 3i m h\\ x h -^2 II 2 - n hni 2 \\yii ~Vii\ 



3\<h U<»2 

= 72p) (5.1) 
Moreover, if D = [xj(mj);yi(ni)] s ,t is a signed (s + t)- simplex in X, then 

j,i h<h »i<»2 

if and only if ^2 m j x j = ^2 n iyi- 

3 i 

The statement and proof of Corollary 3.4 may then be adapted to adapted to inner product spaces by 
appealing to Theorem 5.1. This leads to the final result of this paper. 

Corollary 5.2. Let H be a real or complex inner product space. Let n > 1 be an integer. Then: A 
metric subspace {zo, Zi, . . . z n } of X has strict 2-negative type if and only if the set {zi — zq, Z2 — zo,...,z n — zo} 
is linearly independent (when X is considered as a real vector space). 
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